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Communicated by T. Hida 
It is shown that every genuinely d-dimensional distribution of class L on Rd is 
absolutely continuous. This extends the known fact in one dimension to all finite 
dimensions. 
1. INTRODUCTION AND RESULT 
A probability distribution ,U on Rd is said to be of class L, if there are 
sequences IX,,}, {a,}, and {b,} of independent Rd-valued random variables, 
d-vectors, and positive numbers, respectively, such that the distribution of 
b; r C,r=, Xj - a, converges (weakly) to P and max, ~j(” P(b; ’ ( Xjl > E) + 0 
as n + co for any E > 0. A measure on Rd is said to be genuinely d- 
dimensional if it is not concentrated on any (d - I)-dimensional hyperplane. 
In this paper we will prove the following theorem. 
THEOREM. If p is a genuinely d-dimensional distribution of class L on 
Rd, then ,u is absolutely continuous (with respect to Lebesgue measure). 
In case d = 1, the result is well-known [I, 71. In case d > 2, we have 
discussed continuity properties of distributions of class L in Ref. [2]. But, in 
Ref. 121, we have not obtained a necessary and sufficient condition for 
absolute continuity. There exists a genuinely d-dimensional distribution ,U of 
class L such that its characteristic function p(z) is not square-integrable (for 
example, consider a product measure of gamma distributions with 
appropritate parameters). Hence the absolute continuity does not seem to be 
obtainable from consideration of the behavior of g(z) as ]z ] + co. Our 
method of proof of the above theorem is to divide the consideration into two 
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cases-the case where every proper subspace has Levy measure zero and the 
other case. The first case will be treated by proving two lemmas, while the 
second case will be discussed by induction. 
2. PROOF 
For x, z E Rd, we denote the inner product of x and z by xz and the 
Euclidean norm of x by 1x1. Let S = {x E Rd: (xl= I}, the unit sphere in Rd, 
and let R + = (0, co), the open half line. For E c R + and B c S, we denote 
by EB the set of points x such that x = u<, u E E, <E B. The class of Bore1 
subsets of a set T is denoted by S’(T) in general. If ,u is an infinitely divisible 
distribution on Rd, then its characteristic function p(z), z E Rd, is uniquely 
represented in the form 
P(z) = exp /iyz -A(z) + JRd (f? - 1 - 1 :;xX,2) v(dx)\, (2.1) 
where y E Rd, A(z) is a nonnegative quadratic form, and v is a measure 
(called L&y measure) on Rd such that v({O}) = 0 and 
IX12 
FV(dX) < 00. 
1 + ix1 
The characteristic functions of multivariate distributions of class L are 
studied in Refs. [2, 5, 61. A probability distribution p on Rd is of class L if 
and only if it is infinitely divisible and its Levy measure v is either identically 
zero or of the form 
v(EB) = \ L(dt;) 1 k,(u) u- ’ du 
.B .E 
for E E 9(R +), B E 9(S), 
(2.2) 
where A is a probability measure on S, and k,(u) is nonnegative, nonin- 
creasing in u qnd Bore1 measurable in <, and 
o< 
s 
mk,(u)u(l +u’)-‘du=c< co 
0 
with c independent of < [ 2, p. 2131. The representation is unique. The 
measure A is called the spherical component of the Levy measure of ,u and 
k,(u) is called the k-function of p. 
The following lemma extends a result of Tucker [4], Fisz and Varadarajan 
[I], and Zolotarev [7]. Define v’by 5(4x) = (~(~(1 + (x(~)-’ v(h). 
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LEMMA 1. Let ,u be an infinitely divisible distribution on Rd. If its Levy 
measure v has infinite total mass and tf, for some n, the n-fold convolution 
7’* of v’ is absolutely continuous, then ,u is absolutely continuous. 
Proof. For each k > 0, let ,uu, be a compound Poisson distribution on Rd 
with characteristic function 
,ik(z) = exp 1 
1 
(eixr 
. Ix1 >k-’ 
-l)v(dx)/=exp]c,~~~(e’“-l)v,(dx)/, 
where 
Ck = i VW), v/((a!Y) = c; ‘x ,,X,W)(X) v(h). . 1x1 >k-’ 
The letter x denotes indicator function. This ,uu, is a factor of ,u, that is, 
p = y, * ,+,, with some y,,. We have 
Denote the first term by ak,,uk, and the second term by ak2&, where &i 
and fl,, are probability distributions. Since ck” co by our assumption, we 
have akl + 0 as k-1 co. It is easy to see that our assumption of the abosolute 
continuity of 7* implies the absolute continuity of ,&. Let 
P = b,/+,, + bziqz, be the Lebesgue decomposition of p, where ,u(,) is a 
singular distribution and ,q,) is an absolutely continuous distribution. Since 
p = ak,,uk, * pko + ak2,ukz * ,u,, and the second term is absolutely continuous, 
we get b, ,< ak,. It follows that b, = 0, and the proof is complete. 
LEMMA 2. Let v be the Levy measure of a distribution of class L on Rd. 
Suppose that v(H) = 0 for every proper subspace H of Rd. Then, the d-fold 
convolution vd * of v’ is absolutely continuous. 
Proof. If v is identically zero, the assertion is trivial. Suppose that v is 
not identically zero and let 1 be the spherical component of v. The 
assumption implies that A(s nH) = 0 for every proper subspace H. Let 
FE 28(.Rd) be a set of Lebesgue measure zero. We have 
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If r i ,..., & are linearly independent, then 
i XF(U,rl+‘..+Udrd)dUI...dUd=O .Rt 
by the change of variables u t+ u = U, <, + . . . + U& in multiple integral. 
Let K, be the set of (r ,,..., rd) E Sd such that rank(<, ,..., c$) = 1. Let 
K(i i ,..., i,) be the set of (5, ,..., &,) E K, such that &, ,.,., &, are linearly 
independent. We have 
K, = u K,(i ,,..., i,). 
(il....,i,) 
The domain of integration Sd in (2.3) can be replaced by lJ:‘ri K,. If 
1 Q r < d - 1, then, choosing j, f i, ,..., i, and using the assumption 
A(S n H) = 0, we get 
Here H(&,,..., C,) is the linear subspace spanned by &, ,..., &,. We now see 
that vd*(F) = 0, which completes the proof. 
Proof of theorem. Let ~1 be a genuinely d-dimensional distribution of 
class L on Rd. We prove our theorem by induction in d. If d = 1, this is a 
result of Lemma 1. See Refs. [ 1, 71 or, for a different proof, Ref. [3]. Assume 
that d > 2 and that the theorem is true for lower dimensions. The charac- 
teristic function of ~1 has the representation (2.1) with Levy measure of the 
form (2.2). If A has rank d, then it is obvious that ,U is absolutely continuous. 
If v identically vanishes, then A must have rank d. If r does not identically 
vanish and satisfies the condition in Lemma 2, then the absolute continuity 
follows from Lemmas 1 and 2. So, we assume that A does not have rank d 
and that v(H) > 0 for some proper subspace H of Rd. Let us define a 
subspace H, as follows. If A has positive rank, then let ,u, be the Gaussian 
component of p, that is, p,(z) = exp(-A(z)), and let H, be the support of p, . 
If A = 0, then let H, be the smallest subspace that contains the support of 
the restriction of v to H and let /J, be the distribution with characteristic 
function 
Let l=dimH,. We have 1 < 1< d - 1. Let H, be the orthogonal 
complement of H, in Rd (dim H, = d - I). Let T, and T2 be the projection 
operators to H, and H,, respectively. For x E Rd, we denote x1 = T,x and 
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x2 = T2x, Define ,u2 by p =,u, * ,u,. The distributions pi and ,u, are of class 
L. It is easy to see that pi is supported by the subspace H, and the 
restriction of p, to H, can be identified with a genuinely I-dimensional 
distribution of class L on R’. Hence, by the induction hypothesis, ~1, is 
absolutely continuous with respect to the I-dimensional Lebesgue measure 
dx, on H,. Let p,(dx)=f(x,)dx,. We have 
XF(XI + Yl) Y2)f(XI) &I 9 FE s(Rd). 
Let F be of Lebesgue measure zero. We claim that p(F) = 0. Let 
which is Bore1 measurable in (y, , yZ). Since 
l,d-, dy2 JR, x,(x, 9 ~2) dx, = 0, 
there is a set F, E 2(Rd-‘) with (d - I)-dimensional Lebesgue measure zero 
such that, for every y2 @ F2, 
i XFcQ~Y2)~XI = 0. .R’ 
It follows that g( yi , y2) = xFF,( yZ) g( y, , y2). Let Y be an Rd-valued random 
variable with distribution p2, and let Y, = T, Y and Y2 = T, Y. Let p*(a) be 
the distribution of Y2 andp,(. 1 y2) be the conditional distribution of Y, given 
YZ = y,. Then we have 
(2.4) 
Since pz is the projection of flu,, it is also of class L. Now we see that pz is 
genuinely (d - /)-dimensional. In fact, let rt be the Levy measure of ,u~. By 
the definition of p,, we see that puz (and hence also p2) has Gaussian part 
zero. If the Levy measure v,(T;‘(.)) ofp, is supported by a proper subspace 
H; of H,, then v2 is supported by Hi 0 H, , which implies that u is 
supported by H; @ H, and contradicts the assumption that ,U is genuinely d- 
dimensional. Hence pz is genuinely (d - /)-dimensional. Therefore, by the 
induction hypothesis, p2 is absolutely continuous with respect to (d - f)- 
dimensional Lebesgue measure. It follows that p2(F2) = 0. We obtain 
p(F) = 0 by (2.4). The proof is complete. 
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